Abstract -Standard analytical construction of the many-body wave function of interacting particles in one dimension, beyond mean-field theory, is based on the Jastrow approach. The manybody interacting ground state is build up from the ground state of the non-interacting system and the product of solutions of the corresponding interacting two-body problem. However, this is possible only if the center-of-mass motion is decoupled from the mutual interactions. In our work, based on the general constraints given by contact nature of the atom-atom interactions, we present an alternative approach to the standard construction of the pair-correlation wave-function. Within the proposed ansatz, we study the many-body properties of trapped bosons as well as fermionic mixtures and we compare these predictions with the exact diagonalization approach in a wide range of particle numbers, interaction strengths, and different trapping potentials.
The tremendous progress in experimental techniques has opened up the possibilities to control properties of various artificial quantum systems composed of ultracold interacting particles [1] . In particular, quasi-onedimensional systems of atoms with precisely controlled particle number have been experimentally investigated [2] [3] [4] [5] [6] [7] [8] . Such systems allow to experimental verification of the different theoretical predictions. The exactly solvable model of infinitely repulsive bosons, Tonks-Girardeau (TG) gas, observed recently [2] allowed to explore the Bose-Fermi mapping [9] . In the finite interaction strength regime, the best known analytically solvable model is the celebrated Bush model [10] of two indistinguishable particles in a harmonic trap. The generalization of this model to finite-range soft-core interactions has been recently found in [11] . For a larger number of particles, exact solutions are known only for homogeneous system and they are constructed via the Bethe ansatz [12, 13] . For nonsolvable models the construction of the many-body wave function, beyond mean-field approach, can be done within the interpolatory ansatz [14, 15] or in the framework of the pair-correlated function, i.e., the approximate variational approach based on the solutions of the corresponding interacting two-body problem [16] . Recently, in the context of ultra-cold atoms, this approach was adopted to bosonic systems with long-range [17] and contact interactions [18] as well as for fermionic mixtures [19] in a one-dimensional harmonic trap. It should be pointed, however, that such a construction is possible only when the solution of the two body-problem can be represented as a product of the center-of-mass and relative motion wave function. Consequently, this conceptually easy approach is very limited.
In this work, we present an alternative construction of the wave function for the many-body ground state based only on a constraint forced by the contact interactions. Such an approach allows us to consider many-body wave function independently on the two-body solutions.
Let us consider the system of N ultra-cold contact interacting particles in a quasi-one-dimensional trap V (x) described by the Hamiltonian
where the parameter g is an effective strength of contact interactions tunable via Feschbach resonances [21, 22] . Although the Hamiltonian (1) is very general, in the following, we focus on the system of N spinless bosons or on the p-1 two-component (pseudo) spin-1/2 mixture of N = N ↑ +N ↓ fermions. Let us note that the interaction term in Eq.
(1) contributes only when the spatial wave function is symmetric under particle exchange. For fermions with the same spin the wave function is always antisymmetric. Therefore the interaction term is not vanishing only between particles of opposite spins. For further convenience we introduce position vector r = (x 1 , . . . , x N ).
It is important to note that inter-particle interactions modeled by the Dirac δ pseudo-potential introduce very specific, non-analytical conditions to any eigenstate Ψ(r) of the system. These conditions read [20] :
The simplest way to determine the structure of the ground state satisfying these conditions is to rewrite its wave function as a normalized product
of the analytical function Φ(r) encoding information about the external confinement and the non-analytical function φ(r) which directly fulfills requirements caused by contact interactions. Representation of the groundstate wave function as a product (3) is very general and can be realized in many diferent ways. However, since all mutual interactions considered affects only two selected particles, one can restrict a whole analysis only to situations when the function φ(r) is a product of correlated pairs
with function ϕ(x) having discontinuous derivative at x = 0 and satisfying
This condition assures that the corresponding total wave function satisfies the conditions (2). The general framework presented above can be utilized for different systems and confinements straightforwardly by selecting functions Φ(r) and φ(r) from some family of variational wave functions satisfying mentioned conditions. In the following, we will adopt this procedure to the case of spinless bosons and mixture of fermions showing that there is a huge freedom in choosing appropriate trial functions. The case of harmonically trapped spinless bosons (V (x) = mΩ 2 x 2 /2) was deeply analyzed in the literature [17] [18] [19] . Following Jastrow, in this case it is typically assumed that the correlated pair function ϕ(x) can be chosen as a ground-state solution of the corresponding twobody problem with respect to the relative motion while analytical part Φ(r) is assumed to be the ground-state wave function of the non-interacting particles. This approach is doable since in the case of harmonic potential the ground-state wavefunction for relative motion of the two-body Hamiltonian is known and it can be expressed in terms of the confluent hypergeometric function [10] (without loosing generality we set m = = Ω = 1)
and ǫ is the smallest root of the following transcendental equation 2
, where Γ(x) is the Euler gamma function. Based on this two-body solution one introduces variational family of solutions (4) which automatically satisfy conditions (2)
with ǫ α being dependent on a variational parameter α and determined by the constrain
Variational wave function of this form reproduces the exact solutions in the two limiting cases, g = 0 and g → ∞, for any N . Therefore, it was recently used with a great success to study ground-state properties of a few bosons [18] and adopted further to other harmonically confined systems [18, 23] . Unfortunately, this straightforward adaptation of the very intuitive Jastrow idea automatically brings many disadvantages. The main numerical problem is related to a quite intricate definition of the hypergeometric function U being a function of the parameter ǫ α which is determined by α via transcendental equation (8) . All these lead to an arduous adaptation procedure for finding the best approximation of the ground-state of the system. In consequence, variational approach for larger number of particles become impossible. Moreover, the approach completely fails when other confinements are considered since the construction is based on the exact solution of the relative motion for two-body problem. While separation of the relative motion is possible only for problems described by quadratic Hamiltonians, straightforward generalization to other trapping potentials is not possible.
At this point, it should be emphasized that the proposed variational wave function constructed from the two-body solutions (7) and non-interacting ground-state Φ(r) is not the unique possible realization of the general requirements expressed by constraints (2). For example, starting from works by Brouzos and Schmelcher [18, 19] , it is very common to consider analytical part of the wave function Φ(r) not as a ground-state of non-interacting particles but as a function depending on the same variational parameter α which is used in the non-analytical part ϕ α (x). Although this interesting approach explicitly incorporates a decoupling of the center-of-mass motion and makes the analytical part sensitive to the variational parameter, in fact, it only increases numerical complexity. Simply, its accuracy is similar to that with Φ(r) taken as a ground-state of the noninteracting particles with α = 2/N . Moreover, the main problem of the method remains unsolved, i.e., applicability to other confinements and the numerical complexity of the confluent function are still present.
To overcome all difficulties described above we propose quite simple pair-correlation function which does not require any knowledge on the two body-solution, i.e.,
with parameter λ chosen appropriately to fulfill discontinuity conditions (2):
Directly by this construction, whenever analytical part Φ(r) is chosen as a non-interacting many-body bosonic ground state, the total many-body wave function (3) automatically reproduces (up to the normalization factor N ) the many-body ground-state for vanishing interactions (g = 0). Moreover, the analytical solution in the TG limit is also appropriately captured with this ansatz. In fact, when the system approaches the TG limit (g → ∞), the variational parameter α → 0 and consequentlyφ α (x) → |x| + O(α). All these mean, that the ansatz (10) has all properties of prior descriptions based on the confluent hypergeometric function. At the same time it is devoid of numerical difficulties, can be easily generalized to other confinements, and can be used for large number of particles with limited numerical resources. For intermediate interactions the ansatz (10), as an approximate description of the many-body ground state, properly describe groundstate properties in a whole range of repulsive interactions. Indeed, in Fig. 1 we plot single-particle density profile
as predicted by the ansatz (crossed dots) for the system of N interacting bosons confined in a harmonic trap. The results are compared with those obtained by a direct exact numerical diagonalization of the many-body Hamiltonian (1) (solid lines). The diagonalization is performed in the lowest energetically Fock basis constructed from singleparticle orbitals of a harmonic oscillator [24, 25] . Additionally, to accelerate the convergence of the method, we apply an optimization strategy based on minimization of the ground-state energy with respect to an effective width of single-particle basis [26] . This strategy strongly reduces the number of single-particle functions needed to obtain well-converged results. In panels (a)-(c) in Fig. 1 we present the results for small number of particles (N = 2, 3, 4) and different interactions varying from perturbative (g = 0.5) to strongly-correlated regime (g = 10). In contrast, in panel (d) we present the results for a large number of particles and fixed interaction g = 0.5. Note that for a larger number of particles the interaction energy is strongly amplified and the system is far from the perturbative regime. In all cases presented, predictions of the ansatz are almost in a perfect agreement with the exact ones, properly reconstructing TG limit. Now let us demonstrate that the ansatz (10) can also be used for other confinements. We focus on the simplest anharmonic trapping potential, i.e., the quartic anharmonic oscillator V (x) = Kx 4 . In this case it is convenient to measure all quantities in natural units of the problem. Namely, if one measures lengths and energies in units of ( 2 /mK) 1/6 and (K 4 /m 2 ) 1/3 , respectively, then the corresponding many-body Hamiltonian reads:
whereg is appropriately rescaled strength of interactions in chosen units. Nothe that in this case the corresponding p-3 two-body solution is not known and therefore the standard Jastrow approach cannot be adopted. However, as explained before, the adoption of the proposed ansatz is straightforward since the only modification is encoded in the analytical part of the many-body wave function Φ(r). Therefore, to find an optimal many-body ground state, we solve numerically single-particle problem in selected confinement and we use the lowest energy eigenstate to construct the function Φ(r). Then, we perform variational optimization of the many body ansatz (3) with correlated pair function (10). In Fig. 2 we present single-particle density profiles of the many-body ground state (11) for N = 2 and N = 4 particles obtained with the ansatz (crossed dots) and we compare them with those obtained with the optimized exact diagonalization approach described before. As it is seen, the ansatz almost perfectly recovers single-particle shapes for small as well as for strong interactions. Finally, let us discussed much more complicated system of N = N ↑ + N ↓ fermions confined in a harmonic trap. In this case positions of particles form two algebraic vectors
). Since identical fermions cannot occupy the same single-particle orbital, the analytical part of the ground-state wave function Φ(r) is constructed as a product of two Slater determinants of the lowest harmonic oscillator states Φ ↑ (r ↑ ) and Φ ↓ (r ↓ ), respectively, while the non-analytical part φ(r) is a product of correlated pair of contact interacting particles belonging to the opposite flavors only. In the case of the infinitely strong interactions between oposite spin fermions the ansatz reproduces the exact many-body state. For intermediate interactions, the strategy is exactly the same as in the case of bosons, i.e., variational parameter α is found to minimize energy of the system and one-particle density profiles for each component, ρ σ (r σ ), are calcualted. In Fig. 3 we show exemplary results obtained for N = 4 particles with their different distributions among components (N ↑ − N ↓ = 0 or 2) and different interaction strengths g. Very good agreement of the results with exact diagonalization predictions is clearly visible.
In the conclusions, we present an alternative approach to the construction of the variational many-body wave function which is based on general restrictions forced by assumed contact two-body interactions. Particularly, proposed ansatz does not depend on the solution of the twobody problem. Therefore it can be easily adopted for different trapping potentials and different quantum statistics. Predictions of the proposed ansatz are very close to those obtained via the exact diagonalization in a wide range of particle number and interaction strengths. * * * This work was supported by the (Polish) National Science Center Grant No. 2016/22/E/ST2/00555 (MP, TS)
